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Abstract 

We prove the existence of solutions to the conformal Einstein-scalar constraint system of 
equations for closed compact Riemannian manifolds in the positive case. Our results apply 
to the vacuum case with positive cosmological constant and to the massive Klein-Gordon 
setting. 

1 Introduction 

1.1 The Einstein constraint equations in a scalar-field theory and the 
conformal method. 

The constraint equations arise in general relativity. A space-time is a Lorentzian manifold [M, g) 
of dimension n + 1 that solves the Einstein equations: 

Ricij(g) - -R(g)gij = SttT^ (1.1) 

where R(g) and Ric(g) are respectively the scalar curvature and the Ricci curvature of g and 
Tij is the stress-energy tensor. In a scalar-field theory the expression of T involves a scalar field 
ip E C°°(M), a potential V G C°°(R), and the metric g, and is written as 
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Tij = V^V^ - |W|f + VW) 1 gij. 

This setting covers several usual physical cases: for instance V = 0, ip = yields the vacuum 
constraint equations, V = A and ip = yields the vacuum case with a cosmological constant, 
and V(ip) = \vni\P 1 yields the massive Klein-Gordon setting. An initial data set for the Einstein 
equations consists of (M, g, K, ip, ff), where (M, g) is a n-dimensional closed compact Riemannian 
manifold (n > 3), k is a symmetric (2, 0)-tensor, and tp and tt are smooth functions in M. The 
Cauchy problem in general relativity deals with constructing space-time developments for given 
initial data sets (M, g, K, ip, n). Such a development consists of a Lorentzian manifold (M x R, g) 
and of a smooth function ip on Mxl such that (M xR,j) solves the Einstein equations (jl.ll) , g is 
the Riemannian metric induced by 5 on M, if is the second fundamental form of the embedding 
M cMxl and ip and tt are respectively the scalar field and its temporal derivative on M, that 
is ip\M — ip an d dtijj\M — tt. A necessary condition for the existence of a space-time development 
of an initial data set (M, g, K, ip, tt) is found applying the Gauss and Codazzi equations to (jl.l[) 



1 



and yields the following well-known system of equations: 



f R{g) + tv g K 2 - \\K\\l = % 2 + + 2V(tp) , 

\ ( A:H,A: A/, . 

where R(g) is the scalar curvature of (M,g). As shown first by Choquet-Bruhat [TU] for the 
vacuum case (ip = tt = 0) and later by Choquet-Bruhat-Isenberg- Pollack in the general case [5], 
the system (|1.2[) is also a sufficient condition on (M, g, K, ip, tt) for the existence of a space-time 
development. This development is unique as shown by Choquet-Bruhat and Geroch [4 . A survey 
reference on the subject is Chrusciel- Galloway- Pollack [TJ. 

Solving (|1.2p provides admissible initial data for the Einstein equations. A method that 
turned out to be very effective to solve (|1.2[) is the conformal method, initiated by Lichnerowicz 
[15] . It consists in turning (|1.2p into a determined system by specifying some initial "free" data 
and to solve the system in the remaining "determined" initial data. The set of free data consists 
of (if>,T, 7r, U) where ip,T, tt are smooth functions in M and U is a smooth symmetric traceless 
and divergence-free (2,0)-tensor in M. Given (ip,r, tt, U) an initial free data set, the conformal 
method yields a system of two equations, often referred to as the conformal constraint system of 
equations, whose unknowns are a smooth positive function <p in M and a smooth vector field W 
in M. The conformal constraint system is written as 

A gV + 1Z 4 ,<p = Br^vtp 2 *- 1 + ^§^P , (1.3) 
A s , con/ VK = ^- v r Vr - ttVV* , (1.4) 



ft* = c n (R{g) - \Vip\ 2 g ) , 

B T ^y = c n [2V(il>) - ————T 2 ) , (1.5) 



where we have let: 



A*,u(W) = Cn (\U + C a W\ 2 g + TT 2 ) , 

and Cn = ^n-Tj • The notation A w> u(W) emphasizes the dependency with respect to W, which 
is given by the second equation. In (|1.5[) we adopt similar notations to those in Choquet-Bruhat, 
Isenberg and Pollack except for the minus sign on B Tl ^y. Also, in (|1.3p - (|1.4p . A g = — div g V 
is the Laplace-Beltrami operator, with nonnegative eigenvalues, 2* = i s the critical Sobolev 
exponent, A gyCon fW — &xv g (£ g W) and C g W is the symmetric trace-free part of VW: 

CgWij = Wu + W it i - ^div g W 9ij . (1.6) 

The first equation is referred to as the Einstein-Lichnerowicz equation while the second one is 
referred to as the momentum constraint. Smooth vector fields in the kernel of C g are called 
conformal Killing vector fields. Since M is compact without boundary, the integration by parts 
formula gives, for any smooth vector field W: 

Ag, COnf W = CgW = 0. 

Given an initial data set (if>,T,TT,U), if (ip,W) solves (|1.3p - (11.4l) then 

(M,<p-£* gj-^ g + <p- 2 (U + C g W),i/>,<p-£*n) (1.7) 
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is a solution of (|1.2p . In this case r is the mean curvature of (M,ip"^g) embedded in its 
space-time development, ip is the scalar-field restricted to M and, up to a conformal factor, 
7r is the time derivative of the scalar-field in M. We refer to Choquet-Bruhat, Isenberg and 
Pollack [6] and Bartnik-Isenberg (2] for more developments on the conformal method. Solving 
the constraint system in usual cases such as the massive Klein-Gordon setting or the positive 
cosmological constant case amounts to solve (ll.3l) - (|1.4[) for a good choice of the initial data. 

1.2 Statement of the results 

In this paper we focus on the conformal constraint system (|1.3p - (|1.4p in the case of a non- negative 
potential V . If h is a smooth function in M , A g + ft, is said to be coercive if there exists a positive 
constant C such that for any u £ ff 1 (M), 

f (\\7u\ 2 g + hu 2 )dv g ^C\\u\\ 2 H1{M) 

J M 

or, equivalently, if 

WAhI = ^J^(\Vu\ 2 g + hu 2 )dv g y (1.8) 

is an equivalent norm on H 1 (M). In this case, following Hebey, Pacard and Pollack [IT], we 
define the constant Sh to be the smallest positive constant satisfying that for all u E H 1 (M): 

HU=. <sf IMUj- (i- 9 ) 

Our main result states the existence of a solution (ip, W) of (|1.3p - (|1.4p in the positive case under 
suitable smallness assumptions on the free data. It is stated as follows. 

Theorem 1.1. Let (M,g) be a closed compact Riemannian manifold of dimension n > 3 of 
positive Yamabe type such that g has no conformal Killing vector fields. Let V be a smooth 
nonnegative function on R, V ^ 0, and let ip be a smooth function in M such that the op- 
erator A g + TZip is coercive. There exists a positive constant e (n, g, V, ip) depending only on 
n, g, sup xgM V(^>(x)) and S-r,^ as in (jl.9p such that if the remaining part of the initial data 
(t, 7r, U) satisfies 

n — 1 

— ^— t 2 {x) < 2V(ip(x)) for allx e M, (1.10) 
the equality being strict somewhere in M , H^Uoo + ||C/||oo > and 

HVrlU + IMU + Halloo < e(n,g,V,il>) , (1.11) 
then the conformal constraint system (|1.3p - (|1.4H has a solution {ip,W). 

Remark 1.2. When the initial data satisfies condition (jl.lOp . by the notations in (|1.5p . B T ^y 
is non-negative in M and positive somewhere. As we shall see in Section [5] when B T ^ v 1S 
non-negative, then being of positive Yamabe type is a necessary condition. 

To our knowledge, Theorem 11.11 is the first result in the non-CMC setting (Vr ^ 0) when 
B T ,ip,v ^ 0. With this result we get the existence of admissible initial data in important cases 
such as the massive Klein-Gordon setting with nonzero potential or the positive cosmological 
constant case. Due to its importance we state the latter separately: 
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Corollary 1.3. Let A be a positive constant. Then the vacuum conformal constraint system of 
equations with positive cosmological constant A, namely 

' fc^W + m<P = f 2A - —A vT-i + \U + C g W\ 2 9 ^ 2 '- 1 , 

A g . conf W = ^— -V*Vr , 
has a solution (ip, W) provided U ^ and 

||r|| i + ||tf||oo<C'(n,ff 1 A) , (1.12) 
where C(n,g,A) is some constant depending only on n,g and A. 

In this scalar-field setting the smallness assumptions (11.101) and (jl.lip only involve the scalar 
field ip and the potential V , which is itself related to ip by some wave equation that expresses 
the conservation of energy, see Wald [19J. This emphasizes the influence of ip which appears to 
be the important parameter to consider. 

There are several interesting results on systems like (|1.3[l - (jl.4|) . They can be roughly classified 
according to two criteria: (i) the CMC (constant mean curvature) versus the non-CMC case, and, 
if we forget about the fact that B T ^y may change sign, (ii) the positive case, where B T ^y > 0, 
versus the nonpositive case, where B T ^y < 0. In the CMC setting (Vr = 0) the system (jl.3|) - 
(|1.4p is semi-decoupled. Equation (|1.4D is solvable, either assuming that there are no conformal 
Killing fields on M or assuming that nVip is orthogonal to such fields (which generically do 
not exist, see Beig-Chrusciel-Schoen [3]). Its solution appears as a coefficient in (j 1 . 3[) . In the 
CMC-case when B T ^y < 0, for instance in the vacuum case, the system is fully understood 
(see Isenberg [T3] or Choquet-Bruhat, Isenberg and Pollack [5]). Partial results exist in the 
maxjvf B T) ^y > case, and we refer to Hebey, Pacard and Pollack [11| . and Ngo and Xu |17) . 
In the non-CMC case, results were available only when B T ^y < and assuming smallness 
assumptions on the initial data. For near-CMC results see Allen- Clausen-Isenberg pQ or Dahl- 
Gicquaud-Humbert [S]. Results when U is small can be found in Hoist- Nagy-Tsogtgerel [12] 
or Maxwell [TB]. A few non-existence results exist for near-CMC initial data: see Isenberg-0 
Murchadha [13] or again Dahl-Gicquaud-Humbert |8J. A condition like our condition (|1.12p is 
both a near-CMC assumption and a control on ||E/||oo, and Corollary 11.31 can be thought as a 
generalization of the available existence results for the vacuum conformal constraint system of 
equations to the more involved case where B T ^y > 0. 

The paper is organized as follows. In section [5] we comment on Theorem 11.11 We prove 
necessary conditions for the existence of solutions of (|1.3[) - (|1.4p and show that the need of a 
control on the initial data is natural. Section [3] is devoted to the proof of the existence of a 
smallest solution for equation (|1.3p . Theorem 11.11 is proved in section [4] using a fixed-point 
argument. 



Acknowledgements. The author wishes to thank warmly Olivier Druet and Emmanuel Hebey 
for many stimulating discussions and useful comments on this paper. 



2 Necessary conditions and non-existence results. 

We discuss the assumptions of Theorem 11.11 Throughout this section we assume that V is a 
smooth nonnegative function in K, not everywhere zero. We let 

%= inf , / (|W| 2 + CnR{g) V 2 ) dv g (2.1) 
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be the coercivity constant of A g + c n R(g), where c„ is as in (jl.5p . and 

^ = cf , 1( j!f„ „ J (Nv\ 2 +K^ 2 )dv g (2.2) 
v >eH 1 (M),\\ v \\ 2 =i J M 

be the analogue for A g + TZ^ . The first result we prove shows that the coercivity of A g + TZ^p 
is a necessary condition to the existence of admissible initial data when B T ^y is non-negative. 
This shows, in some sense, the optimality of the assumptions required on ip in Theorem ll.il As 
a by-product we obtain an integral control on |V^|, which in turns implies a strong geometric 
condition on the underlying manifold which shows a radically different behavior than in the 
vacuum case. 

Proposition 2.1. Let (ip, r, ir, U) be an initial data set such that B T ,^y > on M , where B T ^y 
is as in (|1.5p . but B T ^y is not everywhere zero. If a solution (tp, W) of (|1.3|) - (|1.4|l exists, then 
A g + IZ^p is coercive and there holds that 

V^\ 2 dv g < f R(g)dv g . (2.3) 

M JM 

In particular, (M,g) is of positive Yamabe type and we get both that ji g ^ > and fi g > 0. 

Proof. Using standard variational techniques and elliptic theory we easily obtain that there exists 
a smooth positive function u g ^ with ||u S) ^,||2 = 1 such that 

(2.4) 

where fi g ^ is as in (|2.2p . Since ((/?, W) solves (|1 .3(1 - (| 1 .4[) and B T ^y is non-negative, B T ^y ^ 0, 
integrating (|1.3p against u g ^ and using (|2.4[) shows that [i g ^ > 0. It is well-known (see again 
[5]) that this implies the coercivity of A g + IZ^p which implies in particular that § M lZ,pdv g > 
and yields (|2.3[) . Assuming by contradiction that the Yamabe type of (M,g) is nonpositive, we 
get that there exists g £ [g], where [g] is the conformal class of g, with R(g) < in M. Writing 
that g = y 4 /("~ 2 )g for v > 0, there holds that 

A g v + c n R(g)v = c n R(g)v 2 ~ 1 

Dividing the equation by v 2 _1 and integrating the contradiction follows from (|2.3[) . □ 

Now we discuss a non-existence result which shows the necessity of a control on ir depending 
on B T ^y. More precisely, the following result by Hebey, Pacard and Pollack [TT] holds true. 

Proposition 2.2. Let (r, ip) be smooth functions with B r ^y > in M , where B r ^y is as in 
(|1.5p . If t: is a smooth function in M satisfying 



TT 2 " dv a > 



(n - l)™- 1 ^- 1 ^ J M \R{g)\ !! t i dv ! 



M v J (min xeAf B T ^y{x)) «»" +2) 

then the system (|1 .3^ .4)) admits no solutions with {tp, r, 7r, U) as initial data set for any smooth 
traceless and divergence-free (2, 0) -tensor U . 

Proof. Let W be a smooth vector field in M . Following Hebey-Pacard-Pollack [TT] we get that 
(|1.3[) has no solutions if 

<• /I _ i \n — 1 \ tJt („-i)(„+2) . 

A,,u(W)^> [n V ) UnB^yY 4 " (K)^dv g , (2-5) 



M \ / ^ M ' JM 
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where we used the notations of (|1.5[) and where for any function / we write / + = max(/, 0). We 
prove (|2.5p by contradiction. We assume that (|1.3p has a smooth positive solution ip. First, we 
integrate (|1.3p to get 

/ B T ^ y ^ r - 1 dv{g)+ [ A n , u (W)<p- 2 *- 1 dv(g)= [ Tl^dv(g) (2.6) 
Jai Jm Jm 

and then we apply a Holder inequality with parameters 2j= and to the right-hand side of 
This yields 

4 tl-2 

J Tl^ipdvig) < njKp^B-^dv(g)J (J^ B T ,Tp,vp r ~ l dv(g) 
Independently, a Holder inequality with parameters and 3 ^" 2 yi e ^s 

4 

so that, letting X = ( J M Br^yif 2 ~ 1 dv(g)) 71+2 , equation f|2.6p gives 

4 4n 

{Jj n ^ B rS dv (9)) ^ 2 >X+ Ar.irW^B^dvG?)) " +2 X 1 -" . (2.7) 
Let ifx be the right hand side in (I2.7[) . The minimum value of if^ as a function of X is: 

4 

= 7 TT^ / ^AW)^B T % v dv g (2.8) 

A >° (n — 1) » \Jm / 

and the non-existence condition (|2.5[) easily follows from (|2.7p and (|2.8p by contradiction. Then 
Proposition |2~21 follows from ((23)) since > c„7r 2 and 72.1 < c n \R(g)\ by ((TSJ. □ 




3 A minimal solution of the Einstein-Lichnerowicz equation 

In the constant mean curvature setting the constraint system is completely decoupled and it 
reduces to the Einstein-Lichnerowicz equation (|1.3I) . We now investigate (|1.3p independently 
and for the sake of clarity consider the following equation: 

A g u + hu = fu r - 1 + — , (EL a ) 

where h, f and a are smooth functions on M. In the following we assume that A g + h is coercive, 
maxM / > and a is nonnegative and nonzero. Using repeatedly the sub and super solution 
method we prove that each time equation t \EL a \) has a smooth positive solution then it has a 
smallest solution for the L°°-norm: 

Proposition 3.1. Let a > be a nonzero smooth function in M . Assume that A g + h is coercive 
and maxi/ / > 0. // \EL a \ has a smooth positive solution then there exists a smooth positive 
function ip(a) solving jEL a \) such that for any other solution ip, with ip ^ ^(a), there holds that 
ifi(a) < ip in M . Moreover, <p(a) is stable in the sense that for any 6 £ H 1 (M), 



A I 



S76\ 2 



/7-(2*-l)Ma) 2 *- 2 + (2* + l) 



dv g > 



V(a) 2 *+ 2 _ 

and a — > <p(a) is also nondecreasing with respect to a in the sense that if a\ < 02 in M , provided 
that (p(a\) and ^(02) exist, then there holds that f(ai) < <p(a2). 



fi 



Remark 3.2. We prove Proposition 13.11 assuming that a is smooth but the result still holds if 
a is only continuous. In this case the minimal solution we obtain belongs to C 1,a (M) for any 
< a < 1. 

Proof. Let a > be a nonzero smooth function such that §EL a \ has a solution. We start proving 
that there exists a positive number that bounds from below all the solutions of \EL a \ . First, 
let us notice that there always exist sub-solutions of \EL a \ as small as we want. Indeed, for any 
5 > we let us be the unique solution of 

AgUs + hu$ = a — 8f~ — S (3-1) 

where / _ = — min(/, 0). Since a is nonnegative and nonzero, the maximum principle shows that 
Mo > in M. Since 

(A s + h) (u - u 5 ) = Sf- + S , 

we obtain by standard elliptic theory that \\u$ — uo||oo — ► as 6 tends to 0. Let Sq > be small 
enough in order to have u$ > 0. Then for e small enough, 

v e = eu So (3.2) 

is a strict sub-solution of QffLqD since, by (|3.ip . 

A g v e + hv e =ea- e5 f - e5 < ^ 2 „ +1 + fv* ~ 1 . 

Now we claim that there exists some £o > such that for any positive solution ip of \EL a \ there 
holds 

tp > v £o (3.3) 

in M , where v eo is as in p.2p . We prove the claim by contradiction and assume that there exists 
ip e solution of Q£?L a D , and x e S M, such that <p(x e ) < v e (x £ ) for all e > 0. Then, for some 
e € (0, e), and some x e £ M, 

a/ We(a; e ) 

In particular, we obtain that 

Vi(x £ ) = ip(x e ) and A g tp(x £ ) < A g Vi(x £ ) 

which is impossible since vg is a strict subsolution of $EL a [ . 

We prove now the existence of a minimal solution of §EL a \ . We follow here the arguments 
in Sattinger [18]. For x £ M and u>0we let 

F(x,u) = /(xMxf- 1 + a{ *} - h(x)u(x). 

u(x) z + 1 

Let ip be a solution of Q£?L a | ) and let w be a strict subsolution of \EL a \ which is less than any 
positive solution of \EL a \ . We proved the existence of such a w in (|3.3p . Also we let K > be 
large enough such that for any x G M, and any minM w < u < maxjf i/), 

dF 

F(x,u)+Ku>0a,nd—(x,u) + K>0. (3.4) 

For any smooth positive function u, wc define Tu as the unique solution of 

A g Tu + KTu = F(-,u) + Ku. (3.5) 
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As a first remark, for any two positive functions u and v in the range 

minu> <u,v< maxtp 

M M 

we have: 

(A fl + K) {Tu - Tv)(x) = F(x, u) - F(x, v) + K(u(x) - v(x)) . 
Then, by the strong maximum principle, we obtain that 

Tu < Tv as long as u < v and u ^ v. (3-6) 

The iterative sub and super solution method applied in the range w < <p < ip and starting from 
the strict sub-solution w provides a sequence v n = T n w which is non decreasing by the maximum 
principle and converges to a fixed-point of T. that is to say a solution of \EL a \ (see [18J for more 
details). We shall call this solution <p(a): 

<p(a) = lim T n w. (3.7) 

By standard elliptic theory, <p{a) is smooth. Note in passing that all the above arguments still 
work if we only assume that a is continuous, but in this case tp(a) constructed as in p. 71) will 
only be of class C 1,a for any < a < 1. 

Now we show that <p(a) does not depend on ip and on w. First, ip(a) as in (|3.7[l does not 
depend on ip. We let ip\ an d "02 be two solutions of \EL a \ . We let Ki, i = 1, 2 be positive 
constants satisfying p. 41) in [minjf w;maxM^J, Ti be the operator defined as in p. 51) and (fi 
the associated solution as in p.7p . Since (T™w) is non decreasing there holds ipi > w. If we 
assume for instance that maxji %px < maxjy/ ip2 then ip\ 6 [min^/ w; maxjf ^2] and thus, by (I3.7[) 
and the maximum principle there holds 932 < yi since T2(^i) = ipi. But then 1^2 is a solution of 
t \EL a l with minjif w < if 2 < max« t/»i and thus, once again by the maximum principle, ipi < ip2- 
This proves that ip(a) does not depend on ip. Now we prove that ip(a) does not depend on the 
strict subsolution w, provided that w is less than any positive solution of §EL a \ . Indeed, for any 
ip solution of ^ELgty , if w\ and W2 are two such subsolutions, and tpi and if2 are the associated 
solutions as in p.7[) . then there holds W\ < if 2 a-nd W2 < fx- We conclude once again with the 
maximum principle that ip\ < tf2 and if2 < ipi- 

By the definition of ip(a) in p.7p . and what we just proved, for any ip solution of \EL a \ there 
holds that w < ip(a) < ip where w is a subsolution that is less than any solution of \EL a \ . With 
p.6p we obtain the desired property: 

ip(a) < ip or ip(a) = ip. (3.8) 

The stability of ip{a) is a consequence of the minimality of ip(a). We denote by Ao the first 
eigenvalue of the linearized operator of equation §EL a \ at ip(a). The stability of ip{a) as stated 
in Proposition 13 . II amounts to say that Ao > 0. Assume by contradiction that Ao < and denote 
by ipo the associated positive eigenvector. Let w be a subsolution that is less than any solution 
of \EL a \ . Let ips — </?(») — 5ipQ for any positive 8. For 5 > small enough one has 

w < ips < ip (a) 

and a straightforward calculation shows that 

A g tps + hips - fip 2 s _1 2^pj- = -SX ipo + 0(6) > 
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so that ips is a strict supersolution of \EL a \ satisfying w < tps < <£>(a) f° r $ small enough. By the 
iterative sub and super solution method we then get a solution ip of (EL a ) such that w < ip < tps, 
and this is in contradiction with (13. 8[) . 

Finally, if ai < a2 are nonnegative nonzero functions on M, ^(02) is a super solution of 
equation §EL a ty with a — a\. By the minimality of tpifli) we then have tpiflx) < ( / 3 ( a 2)- d 



4 The fixed-point method: proof of Theorem 11.11 

In this section we prove Theorem 11.11 using the results obtained in the previous section. Before 
we start let us recall some basic elliptic properties of the operator A g , con f that can be found for 
instance in Isenberg and O Murchadha Q3]. The following proposition can be found in |14| . 

Proposition 4.1. Let (M,g) be a closed compact Riemannian manifold of dimension n > 3 
such that g has no conformal Killing fields. Let X be a smooth vector field in M . Then there 
exists a unique solution W of 

^confW = X. 

Also, there exists a constant Cq > that depends only on n and g such that 

\\W\\ci.~ < CollJ^IU 

for some positive a. As a straightforward consequence, there exists a constant C\ still depending 
only on n and g such that \\CgWWao < CiHXHoq. 

The proof of Theorem 1 1.1 1 is obtained through a standard fixed-point argument. We develop 
the proof in what follows. 



Obtaining a first estimate. Let (M, g) be a closed compact Riemannian manifold of dimen- 
sion n > 3 of positive Yamabe type such that g has no conformal Killing vector fields. Let V 
be a smooth nonnegative function in R, non everywhere zero and tp be a smooth function in M 
such that A g + TZ^ is coercive. Also let ir and U be such that (ir, U) is not everywhere zero in 
M, and let r be a smooth function in M such that 

n — 1 

t 2 (x) < 2V (tf>(x)) for all x £ M, 



the equality being strict somewhere. This means, with the notations of (|1.5|l . that B T ^y is non- 
negative in M and positive somewhere. In order to define the mapping to which we are going 
to apply Schauder's fixed-point Theorem, we need to get some important preliminary estimate 
based on (jl.ll[) . Let W be a smooth vector field in M . We let 



C(n,g,V,i>) =C(n)V g - 1 max^Or))) (Jjl^dv^j ' (4.1) 

where V g is the volume of (Af, g), TZ^, is as in (|1.5p . S-n^ is as in (|1.9p and C(n) = (2( n ~ 1)) ~ 
By (|1.9|) the constant S-n^, only depends on n, g and on the coercivity constant of A g + lZ^, hence 
on n, g and \7tp. We consider the equation 

Agip + K^pif = Br^ytp 2 *- 1 + C{n,g, V^)^ 2 "- 1 (4.2) 



9 



By the result in Hebey-Pacard-Pollack [IT], and since by f| 1 . 5[) we have that 2c n V > B T $y, (|4. 2|) 
has a smooth positive solution. Since we assumed A 9 + coercive, using Proposition 13.11 we 
can let ip m be the minimal solution of (|4.2I) and let 

N m = ||p m ||oc. (4.3) 

Let L°^(M) be the set of non negative bounded functions in M. Regarding the vector equation 
(|1.4p . since we have assumed that g has no Killing vector fields, for any 77 6 Lfjf (M) we can use 
Proposition 14. II to let W(rf) be the unique vector field solution of 

A g , conf W(r)) = ^-V* Vr - ttV^. (4.4) 

Proposition 14.11 shows that 

W^wwu < c x (iiv^iiooii^ii^; + iiTriiooiivviiJ . (4.5) 



By (|4.ip . (|4.2p and (|4.3p , iV m depends only on n,g, Sn^ and maxM V(V0- Using (|1.5[) and 
it is easily seen that there exists a positive constant e(n, 5, V, ip) depending only on n,g,Sn^, 
and maxjv/ V(V'), such that whenever 

HVtIU + IMI^ + HC/IU <s(n,g,V^) , (4.6) 

then 

\\Ar, u (W(ri))\\ 00 <C(n,g i V^) (4.7) 

for any ||r?||oo < AT m , where .An-, (7(^(77)) is as in (|1.5p . After a straightforward computation, 
using (|1.5I) and (I4.5p . one sees that, in order to obtain (|4.7I) . it is enough to assume that 

e{n,g,VA) < (3 + 4^(^ + || V^||L) ) c„ ^ 

where c„ is as in (|1.5p . Ci is obtained in Proposition I4.ll C(n, g,V,tp) is as in (|4.ip and jV m is 
as in (|4.3p . Now we construct the map T to which we are going to apply Schauder's fixed point 
theorem. 

Definition of the mapping T ■ From now on, we will always assume that (I4.6P is satisfied, 
so that (|4.7p holds true. For any positive N, we define 

B N = {77 6 L£(M), ||?7||oo < iV}. (4.9) 

An easy claim is that for any vector field W of class C 1 in M, A n ,u(W) as in (|1.5p is continuous, 
non-negative and positive somewhere in M . Obviously, ^4 Wi c/(W) is continuous and non-negative, 
and we just need to prove that it is positive somewhere. By (|1.5p this is automatically true if 7r 
is not everywhere zero. In case 7r = there might be that there exists a C 1 vector field in M 
such that U + C g W = everywhere. Taking the divergence of this equality in the weak sense 
yields, since U is divergence-free: 

^g.confW = 

in the weak sense. Since g has no Killing fields this implies W = and hence U = 0, which is 
impossible since we assumed (jr, U) non everywhere zero. Now by (|1.5p it is easily seen that 



C{n,g,V,i>) < C(n)V g - L [ m^B T ^ v (x) j \J^dv g ) (4.10) 
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where we used the notations of (|1.5[) and where C(n, g, V, ip) is as in (|4.ip . Now we consider the 
equation 

Agip + K^tp = Br^ytp 2 '- 1 + A„,u [W(r])) cp' 2 '- 1 . (4.11) 

We claim that (|4.1ip has a smooth positive solution for any r\ £ B^ m . We just proved that 
■An : u (W (r/)) is never zero. Thus we can construct subsolutions of f|4. as small as we want as 
we did in Section [31 see (|3.2j) . On the other hand, by (|4.7I) and (|4.10l) . there holds that for any 
rj G Bjq m and any 5 > sufficiently small, 

Then the existence result by Hebey-Pacard- Pollack, namely Theorem 3.1 and equation (3.3) in 
[TT] . applies to (|4.1ip when replacing A^,u(W(rf)) by A ny u(W(r]))+5 and provides us with a strict 
super solution of (|4.11[) . Since An,u(W(r])) is nonzero for all rj S B^ m , and since it is smooth, 
Proposition 13.11 shows that f)4. 1 If) possesses a minimal smooth positive solution <p(A n ,u(W(r]))), 
where we use the same notations as in Proposition 13. II The following map: 

T:r ) ^r(r ) ) = ip(A v , u (W(ri))) (4.12) 

is thus well-defined in BN m . It is clear that a fixed point of T is a solution of the constraint 
system. As a consequence of the monotonicity property of the minimal solution in Proposition 
13.11 along with (|4.7p and the very definition of N m in (|4.3p we obtain that, for any r\ € B^ m , 

< T{r,) < N m . (4.13) 

Hence B^ m is stable under T and T maps B^ m into itself. Now we prove that 7~ is continuous 
in Bpf m . 

T is continuous in f?jv m . First we claim that there exists a positive real number Sq such that 
for any rj £ -B/v m , an d any x € M, 

T(v)(x) > S . (4.14) 
To prove this claim we pick a sequence (rjk)k i n B^ m and show that there holds 

liminf min T(r]k)(x) > 0. (4-15) 

fc->+oc xeM 

We consider the associated W(r)k) as in (14.41) . By Proposition 14.11 if we choose e(n, g,V,ip) in 
(4.6) such that 

N r 

ein.q.V.tb) < — , — . 

then there holds 

\\W{ m )\W,«<C Q N% (4.16) 

so that, up to a subsequence, we can assume that W(rjk) converges to some Wo in the C 1,Q (M)- 
topology for some < a < 1. As noticed in a previous remark right after defining T, Ak,u(Wq) 
is non-negative and positive somewhere in M. We denote by xq its maximum point and choose 
< r < i g (M) so as to have 

Ar,u(W )(x) > -A n ,u(W )(x ) 
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for all x £ B Xo (2r). Let A be a smooth nonnegative function, compactly supported in B Xo (2r) 

and equal to 1 in B Xo (r). Since W(r]k) > Wo as k goes to infinity one has, for k large enough, 

in M, that 

(W(f] k )) > -XAnMWo)- 
The monotonicity property in Proposition 13.11 and the definition of T in (|4.12l) thus show that 

where the right-hand side is a smooth positive function in M, which shows (|4.15l) . 

Now we prove the continuity of T . We let r/k £ B^ m be a sequence of nonnegative functions 
in M converging uniformly to some 770 £ B^ m . There holds that 

AgTfe) + n^Tim) = Br^yTivk) 2 '' 1 + A«, v (Wfo*)) Tim)- 2 *- 1 

for all k. By (|4. 13(1 and (|4.14p . standard elliptic theory shows that T{rjk) converges in the 
C 2 (M)-topology, up to a subsequence, to some 7o solution of 

A 3 T + K^To - Br^vTf- 1 + ^(Wto))^ 2 *- 1 . (4.17) 

There holds then by Proposition 13.11 either To — T(rjo) or 7o > T(rjo) everywhere. We proceed 
by contradiction and assume that 7o > T(rjo). We then define for any t £ [0; 1] 

m(t) = I (tT(r) ) + {1 - t)%) , 
where Iq is defined for any positive r\ £ H l {M) and is the energy associated to (|4.17|l : 

h{ri) = \j (\Vrf+K^ 2 )dv a -^ [ B T ^ y r 1 r dv g + ^ [ A^ u {W{r l0 ))r,-' 1 ' dv g . (4.18) 

L JM 1 JM z JM 

By proposition 13.11 each T{r}k) is a stable solution, and thus 7o is stable. Hence m"(0) > 0. 
Using (|4.18p we can compute m^(t) for any t £ [0, 1], where is the third derivative of m. 
There holds 

m^(t) = -(2*- 1)(2* -2)( B T ^ v (tT(vo) + (1 - t)%f~\T(m) ~ %fdv a 

JM 

-(2* + 1)(2* +2) / A^uiWirjo^itTim) + (1 - t)%) ~ T ~\T{m) ~ Tofdv g . 

JM 

Since 7o > T(t]o) ari d B T ^y is nonnegative nonzero, m^(t) is positive for all t £ (0, 1). Hence 
m" is a positive function of t for < t < 1 and m! is increasing in (0, 1). But this is impos- 
sible since both 7o and T(rjo) are solutions of (|4.17p and there thus holds m'(0) = m'(l) = 0. 
Hence 7o = T{Vo) an d in particular T is continuous. In order to apply the Schauder's fixed 
point theorem, it remains to prove the precompactness of 7~(.B/v m ), which itself follows from the 
compactness of T. 

Compactness of T and conclusion. Clearly, B^ m is a closed convex set in L°?(M). It 
remains to show that T(-Bjv m ) is compact to conclude. By (|4.7I) . (|4.13p and (|4.14p . for any 

r\ £ Bjsr m , T(rf) satisfies 8q < T(rj) < N m and: 

AgTM+n^Tiv) < WBr^yWooN^- 1 +6 Q - 2 *- 1 C(n,g,V, , 
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where C(n, g, V, ip) is as in (|4.ip . By standard elliptic theory T(-Bjv to ) is thus bounded in C 1 (M). 
By the compactness of the embedding C 1 (M) C L°°(M) we then get that T(-B/v m ) is a compact 
set of L3°(M). Applying Schauder's fixed point theorem yields the existence of a fixed-point of 
T on Sjv m , i.e. a solution of the constraint system, and concludes the proof of Theorem ll.il 
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